A one-parameter family of polynomials with Galois group M 24 M 24 M 24 over Q Q Q(t)
Introduction
Malle and Matzat proved in [3, III.7 .5] that the Mathieu group M 24 is a regular Galois extension of Q(t). This group was the last sporadic group which could be shown to be a Galois group over the rationals, the only open case remains M 23 .
The M 24 Galois extensions L/Q(t) by Malle and Matzat have the following properties: Let Q(t, x) be a root field of degree 24 over Q(t). Then the genus of Q(t, x) is 0. More precisely, exactly 4 places p ∞ , p 0 , p 1 and p 2 of C(t) are ramified in CL. Let P i be a place in CL above p i . Then the inertia group of P ∞ is generated by an element of order 12 with two cycles (in the natural degree 24 action), and each inertia group of P i , i = 1, 2, 3, is generated by an involution with 8 fixed points. Clearly, p ∞ is stable under the absolute Galois group of Q, so p ∞ is rational.
We call a M 24 Galois extension of Q(t) (or of C(t)) with this ramification data an extension of type (12, 2, 2, 2).
Malle and Matzat show the following: Up to a natural equivalence, the Galois extensions with the above data, and the added property that p 0 is rational too, are parametrized (up to finitely many exceptions) by the rational curve P 1 (Q). In his thesis [2] Granboulan succeeded to compute an explicit polynomial with these data.
If one requires all branch points p i to be rational, then the parametrizing curve has genus 1, see [3, III.7 .5]. It was left open whether this curve has sufficiently many points to give M 24 realizations. As a corollary to our computations, we explicitly compute this curve and show that it is an elliptic curve with positive rank. So there are infinitely many M 24 extension of type (12, 2, 2, 2) with all branch points rational.
The polynomial by Granboulan is somewhat complicated. We believe that there are two reasons for this: First, requiring that p 0 is rational adds a further condition, which rules out most polynomials which could have a nicer shape. Secondly, his polynomial is just a specialization of an unknown one-parametric family, so the kind of random specialization could produce ugly coefficients.
For this reason we computed the whole one-parameter family, and dropped the rationality of p 0 .
Theorem. Let t be a transcendental over Q. For 1 = s ∈ Q let A s , B s ∈ Q[X] be as in the Appendix. Then the Galois group of (t − A s (X)) 2 
Remark. For s = 0 we get the reasonably sized polynomials
and
In the Theorem, we indeed need to exclude the value s = 1. One can show that in this case the Galois group is not doubly transitive, so it is a proper subgroup of M 24 .
Motivation
Let Q(t, x)/Q(t) be a (12, 2, 2, 2) extension with branch points p ∞ , p 0 , p 1 , p 2 as in the introduction, such that the normal closure has Galois group M 24 . Since p ∞ is rational, we may assume that p ∞ (t) = ∞. Let k be the residue field of
has genus 0 and k(t, x) has a k-rational place). Without loss assume that y → 0 and y → ∞ are the two places above p ∞ . Then
. Let a →ā be the automorphism of kL which is the identity on L and has order 2 on k. From t = f (y) we obtain t =t =f (ȳ). On the other hand,
, we may assume that g(Y ) is monic with g 0 = 1, for the price that we possibly need to replace k by a quadratic extension which we still call k. Note also that g 12 = g 12 .
The ramification over p 0 , p 1 , p 2 translates to
where
Generically, the branch points ω = ω 0 , ω 1 , ω 2 are conjugate over k. Let σ ∈ Gal(Q/k) with
, and similarly
We set up a system of 49 equations for 50 unknowns: The polynomials U 1 , U 2 , V 1 and V 2 have degree 7, while U 0 and V 0 are monic of degree 8. This gives 48 unknown coefficients. The remaining 2 unknowns are p and q in D(T ) = T 3 + pT + q.
The 49 equations come from noting that (1) is equivalent to
Expand the right hand side, and reduce modulo x 2 + z 2 − b with respect to z. This yields
so (t − A(X)) 2 + (X 2 − b)B(X) 2 is a minimal polynomial for x over Q(t).
The Computation
Granboulan gives a single rational function g(Y )/Y 12 which after adding a constant has the shape as above, with b = −1. The fact that all functions g(Y )/Y 12 with these data and monodromy group M 24 are parametrized by a rational curve means that the 49 equations in C 50 (we cannot fix the at most biquadratic field k, since it could vary with g) describe a rational curve. Furthermore, the coefficients 1 = γ 0 , γ 1 , . . . , γ 23 , γ 24 = 1 of g(Y ) are polynomials in the unknowns we work with. So if we fix a pair 1 ≤ i < j ≤ 23, then the coefficients γ i and γ j should be related by a genus 0 curve equation. Using a straightforward Newton iteration and starting from Granboulan's example, we moved in small steps and computed examples of g(X) for γ 12 = 25, 26, 27, . . . , 124 to a very high precision (3000 binary bits). Fix an index 1 ≤ i ≤ 22. Let (γ 23,j , γ i,j ) be the 100 pairs of the corresponding coefficients. We tried if there is a polynomial relation of total degree m by minimizing | r+s≤m a r,s γ r 23,j γ s i,j | subject to a 0,0 = 1 for unknowns a r,s ∈ C. For the first m which gave a good approximation we used the function algdep from the computer algebra package Sage [4] to determine if a r,s can be expected to be algebraic.
To our surprise, it turned out that all the coefficients actually lie in Q(i) (so k from above is quadratic and does not vary with g), and that each γ i is a polynomial in the imaginary part of γ 23 . The family g s (Y ), s ∈ C, which we obtained fulfills f s (Y ) = f s (−1/Y ) for all real s. Now retrieve A s and B s from f s (Y ) = g s (Y )/Y 12 as described in the previous section. The polynomials A s and B s from the appendix slightly differ from those just obtained: The Galois group of (t−A(X)) 2 +(1+X 2 )B(X) 2 doesn't change if we multiply A and B by the same nonzero factor from Q, and it does not change if we add an element from Q to A.
The monic cubic D(T ) whose roots are the finite branch points of the splitting field of (t − A s (X)) 2 + (1 + X 2 )B s (X) 2 has the form D(T ) = T 3 + p(s)T 2 + q(s)T + r(s), where p, q, r ∈ Q[S] have degrees 24, 44, and 68, respectively. (Since Sage cannot handle polynomials of large degree, we computed p, q, and r with the help of Magma [1] .) Note that by adding a constant to A(X), which amounts to adding the same constant to t, we have given up the original condition that the coefficient of T 2 in D(T ) vanishes. If we want to make a branch point p 0 rational, then we need to find a condition on s such that D(T ) has a rational root. By Malle-Matzat, the M 24 extensions with rational p 0 are still parametrized by P 1 (Q). Thus the curve T 3 + p(S)T + q(S) = 0 should be a rational curve, so there should be a cubic rational function S(Z) ∈ Q(Z) such that T 3 + p(S(Z))T + q(S(Z)) = 0 has a root in Q(Z). Let T 0 be a root of T 3 + p(S)T + q(S). Working out the ramification of the cubic extension Q(S, T 0 )/Q(S) allows us to express S in terms of Z, where Q(S,
. Eventually, we want to get the condition that all finite branch points are rational. The above parametrization gives a linear factor of D(T ) = T 3 + p(S(Z))T + q(S(Z)). The square-free part of the discriminant of the quadratic co-factor is It remains to verify that the polynomials in the Theorem have the correct Galois group. Since M 24 is self-normalizing in S 24 , it suffices to show that the given polynomials have Galois group M 24 over C(t). Identifying the Galois group with the monodromy group, it is clear that the group does not change if we vary s along a path such that each F s (X) = (t − A(X)) 2 + (1 + X 2 )B(X) 2 has 4 distinct branch points. Computing the discriminant of D(T ) from above gives a high degree polynomial in s whose single rational root is s = 1.
Thus it suffices to show that F 0 (X) has the correct monodromy group. One checks that F 0 (X) is irreducible. If we set t = 1 and factor over F 7 , we get a linear factor and an irreducible factor of degree 23. By the Dedekind criterion, the Galois group of F 0 (X) contains a 23-cycle, so it is doubly transitive. Furthermore, one verifies that the discriminant of F 0 is a square in Q [t] . So the Galois group of F 0 is either M 24 or A 24 . To rule out the latter case, one can numerically compute the four generators of the monodromy group corresponding to four branch points. In a forthcoming paper, we develop an algebraic criterion which bounds the Galois group from above and which is applicable here.
Appendix
Here we give the polynomials A s and B s from the theorem. These and further polynomials and discriminants, corresponding to p 0 being rational or all p i rational, appear on the website www.mathematik.uni-wuerzburg.de/~mueller/Papers/m24.sage . 
